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Abstract. Smith and Van den Bergh [2S] introduced the notion of finite F- 
representation type as a characteristic p analogue of the notion of finite repre- 
sentation type. In this paper, we prove two finiteness properties of rings with 
finite F-representation type. The first property states that if i? = ®,i>o ^ 
Noetherian graded ring with finite (graded) F-representation type, then for every 
non-zerodivisor a; G _R, is generated by I/x as a D/j-module. The second one 
states that if i? is a Gorenstein ring with finite F-representation type, then 
has only finitely many associated primes for any ideal I of R and any integer n. 
We also include a result on the discreteness of F-jumping exponents of ideals of 
rings with finite (graded) F-representation type as an appendix. 



Introduction 

As a characteristic p analogue of the notion of finite representation type, Smith 
and Van den Bergh [29] introduced the notion of finite F-representation type (this 
notion is vahd only in prime characteristic). They then showed that rings with finite 
F-representation type are suitable for developing the theory of differential operators 
on the rings. Also, rings with finite F-representation type satisfy several finiteness 
properties. For example, Seibert [2S] proved that the Hilbert-Kunz multiplicities of 
such rings are rational numbers and Yao [33] proved that tight closure commutes 
with localization in such rings. Let be a field, i? be a fc-algebra and -D^/^ be the ring 
of fc-linear differential operators on R. In this paper, inheriting the spirit of Smith 
and Van den Bergh, we pursue finiteness properties of some D/j/fc-modules when R 
has finite F-representation type. We hope that our results will shed a new light on 
the theory of D/j/fc-modules over singular /c-algebras R of prime characteristic. 

For every non-zerodivisor x G -R, the localization R^ carries a Z)ij/fc-module struc- 
ture. Hence we can consider an ascending chain of D/j/fc-submodules of R^ 

DR/k ■ l/x C DR/k ■ C DR/k ■ l/x^ C . . . C i?,. 

Assume that R = k[xi, . . . ,Xd\ is a polynomial ring over k, and then it is known 
that this ascending chain stabilizes, that is, Rx is generated by for some z as a 
DR/k-modu\e (it was proved by Bernstein [3] in characteristic zero and by B0gvad [5] 
in positive characteristic). If is a field of characteristic zero and —i is the smallest 
integer root of the Bernstein-Sato polynomial bx{s) of x, then R^ is generated by 
1/x^ as a Dr/ k-modu\e; Walther [31j proved that it is not generated by 1/x^ for 
j < i. If is a field of positive characteristic, then Alvarez- Mont aner, Blickle and 
Lyubeznik [Ij proved that Rx is generated by l/x as a DR/k-m.odu\e. However, 
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when R is not a regular ring, almost nothing is known about the stabilization of 
the above ascending chain. The first ingredient of this paper is to generalize the 
result due to Alvarez-Montaner, Blickle and Lyubeznik to the case of rings with 
finite F-representation type: let R = 0„>o Rn be a Noetherian graded ring with 
k = Rq a field of positive characteristic. If R has finite (graded) F-representation 
type, then R^ is generated by 1/a; as a D^j/fc-module (Corollary 12.101) . 

Another example of D/j/fc-modules is a local cohomology module Hf{R) of R. 
In 1990, Huneke p^j raised a problem of whether local cohomology modules of 
Noetherian rings have finitely many associated primes or not. It is now known that 
this problem has a negative answer; several counterexamples were constructed by 
Singh [27], Katzman [16J, and Singh and Swanson [2H]- However, a lot of affirmative 
results have been obtained under some additional assumptions. Huneke and Sharp 
[13j and Lyubeznik [TSl [201 [21] proved that if is a regular ring which either contains 
a field or is unramified then Hy{R) has only finitely many associated primes for 
any ideal I of R and any integer n. Marley [23] proved that the same assertion 
holds if R is any Noetherian local ring of KruU dimension at most three. Thus, 
determining when the set of associated primes is finite is now an important problem 
in commutative algebra. The second ingredient of this paper is to show that if i? is a 
Gorenstein ring with finite F-representation type, then Hf{R) has only finitely many 
associated primes for any ideal I of R and any integer n (Corollary 13.31) . This is a 
generalization of a result of Huneke and Sharp, asserting that the sets of associated 
primes of local cohomology modules of regular local rings of positive characteristic 
are finite. We shall actually prove some more general results (see Proposition 13.71 
and Theorem 13. 9p . 

In the appendix, we study the discreteness of F-jumping exponents, jumping ex- 
ponents for generalized test ideals of [10] . These invariants were first studied under 
the name of F-thresholds in [23] and it was shown that they satisfy many of the for- 
mal properties of jumping numbers for multiplier ideals. However, the discreteness 
and rationality of F-jumping exponents were left open in [23] ■ Blickle, Mustafa and 
Smith [3] proved the discreteness and rationality of F-jumping exponents in the case 
where the ring is an F-finite regular ring of essentially of finite type over a field. We 
prove the discreteness of F-jumping exponents of homogeneous ideals of strongly 
F-regular graded rings with finite (graded) F-representation type (Theorem 14. 8p . 

1. Rings with finite F-representation type 

Throughout this paper, all rings are Noetherian commutative rings with identity 
and have prime characteristic p. For such a ring R, the Frobenius map F : R ^ R 
is defined by sending r to for all r ^ R. We often consider not just the Frobenius 
map but also its iterates F'^ : R ^ R sending r to r^" . For any i?-module M, we 
denote by the module M with its -R-module structure pulled back via the e- 
times iterated Frobenius map F^. That is, '^M is just M as an abelian group, but its 
-R-module structure is determined by r ■ m := r^^m for all r G i? and m G M. Note 
that °M = M. \f R = 0„>o Rn is a graded ring and M is a graded i?-module, then 
W carries a Q-graded i?-module structure: we grade by putting ^M]^ = [M]pe^ 
if a is a multiple of l/p"^, otherwise [M]a = 0. Let / be an ideal of R. For each 
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q = p"^, we denote by /''^l the ideal of R generated by the g**^ powers of elements of 
/. It is easy to see that R/I^r^M = ^M/{I ■ "M) = XM/I^^^M). We say that a ring 
R is F-pure if ^R is a pure extension of R and that R is F-finite if ^R is a finitely 
generated i?-module. 

Rings with finite F-representation type were first introduced by Smith and Van 
den Bergh [29], under the assumption that the KruU-Schmidt theorem holds for 
them. Yao [33] studied these rings in a more general setting. 

Definition 1.1 ([221 Definition 3.1.1], [331 Definition 1.1]). 

(i) Let R he a. Noetherian ring of prime characteristic p. We say that R has 
finite F-representation type by finitely generated i?- modules Mi, . . . , Mg if 
for every e G N, the i?-module '^R is isomorphic to a finite direct sum of the 
i?- modules Mi, . . . , Ms, that is, there exist nonnegative integers Uei, . . . , Ues 
such that 

s 

m^^M®""^'. 

i=l 

We simply say that R has finite F-representation type if there exist finitely 
generated -R-modules Mi, . . . , Mg by which R has finite F-representation 
type. 

(ii) Let R = 0„>q Rn be a Noetherian graded ring of prime characteristic p. We 
say that R has finite graded F-representation type by finitely generated Q- 
graded i?- modules Mi, . . . , Mg if for every e G N, the Q-graded i?-module '^R 
is isomorphic to a finite direct sum of the Q-graded i?-modules Mi, . . . , Mg, 
that is, there exist nonnegative integers Ugi and rational numbers a'lj^ for all 
1 < i < s and 1 < j < Uei such that there exists a Q-graded isomorphism of 
the form 

i=i j=i 

We simply say that R has finite graded F-representation type if there exist 
finitely generated Q-graded i?- modules Mi, . . . , Mg by which R has finite 
graded F-representation type. 

Remark 1.2. (1) When R is reduced, R has finite F-representation type by finitely 
generated i?-modules Mi, . . . , Mg if and only if for every q = p^, the i?-module R^^'^ 
is isomorphic to a finite direct sum of the i?-modules Mi, . . . , Mg. 
(2) If the ring R has finite F-representation type, then R is F-finite. 

We exhibit examples of rings with finite F-representation type. 

Example 1.3. (i) ([2HI Observation 3.1.2]) Let R be an F-finite regular local 
ring of characteristic p > (resp. a polynomial ring k[Xi, . . . ,Xd\ over a 
field k of characteristic p > such that [k : k^] < oo). Then R has finite 
F-representation type (resp. finite graded F-representation type) by the R- 
module R. 
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(ii) ([29], Observation 3.1.3]) Let R he a Cohen-Macaulay local ring (resp. a 
Cohen-Macaulay graded ring) of prime characteristic p with finite represen- 
tation type (resp. finite graded representation type). Then R has finite 
F-representation type (resp. finite graded F- representation type). 

(iii) Let {R, m, k) be an Artinian local ring of prime characteristic p (resp. R = 
©n>o-^" be an Artinian graded ring with k := Rq a. field of characteristic 
p > 0) such that [k : k^] < oo. Then R has finite F-representation type 
(resp. finite graded F-representation type). To check this, we may assume 
that is a perfect field for simplicity. Since [R, m) is Artinian, there exists 
some go = such that mt'^^ = for all q = p^ > go- Then ^R is a A;- vector 
space for all e > cq. Since R is F-finite, ^R is a finitely generated i?-module. 
Hence '^R is a finite-dimensional /c- vector space for all e > cq. The graded 
case also follows from a similar argument. 

(iv) Let R = A;[t"\ . . . be a monomial curve over a field k of characteristic 
p > such that [k : k^] < oo with rii G N. Then R has finite graded 
F-representation type. To check this, we may assume that is a perfect 
field and gcd(ni, . . . , n,.) = 1. Let c be the conductor of the semigroup 
(ni,...,n^), and fix any q = p^ > c. Then R^^^ = ©-lo (E^gs, ^i^"^^), 
where Si := {v G (rii, . . . , ra^) \ v = i mod g} for < z < g — 1. Let 
ifi : Yl'j=o Rt''^'^ ~^ S»;e5 Rt^^'^ be an i?-module homomorphism defined by 
(y9j(l) = t'"'/'^, where rj is the least integer in S^. Then is an isomorphism 
for alH = 0, . . . , g — 1. Thus, 

q-l c-1 

i?V9 = 0(^ i?^/'?) = iJ^Rt'^')®". 

(v) (cf. flEi Example 2.3.6]) Let S = k[Xi, . . . ,X(i] be a polynomial ring over a 
field k of characteristic p > such that [k : fc^] < oo and / be a monomial 
ideal of S. Then the quotient 5*// has finite graded F-representation type. 

(vi) (Compare this with [2Sl Proposition 3.1.4]) Let R S he a finite local 
homomorphism of Noetherian local rings of prime characteristic p such that 
R is an i?-module direct summand of S. If S has finite F-representation type, 
so does R. Indeed, if S has finite F-representation type by finitely generated 
S'-modules A^i, ■ ■ ■ , Nt, then for each e G N, we have a decomposition = 
05=1 Nf"""' with ruej G N. Put iV = A^i © ■ ■ ■ © AT^. Since "R is a direct 
summand of ^S, ^R is a direct summand of a finite direct sum of the finitely 
generated i?- module A^ for all e G N. Then by [32l Theorem 1.1], there exist, 
up to isomorphism, only finitely many indecomposable direct summands of 
the /^-modules '!R's. Thus, R has finite F-representation type. 

(vii) ([29l Proposition 3.1.6]) Let R = 0„>o-Rn S = 0„>o 'S'n be a Noetherian 
graded rings with Rq, Sq fields of characteristic p > such that R is an R- 
module direct summand of S. Assume in addition that [5*0 : -Ro] < oo- If 
S has finite graded F-representation type, so does R. In particular, normal 
semigroup rings and rings of invariants of linearly reductive groups have finite 
graded F-representation type. 
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(viii) Let R = k[[X, Y, Z]]/{X^ + Y^ + Z^ + XYZ) be the simple singularity of type 
Eg, where k is an algebraically closed field of characteristic two. Then it is 
well-known that R has finite representation type (see [6] and its reference for 
details) and, in particular, R has finite F-representation type by (ii). On the 
other hand, we can easily check that R is F-pure but not strongly F-regular 
(see the paragraph preceding Proposition 14.41 for the definition of strongly 
F-regular rings). 

(ix) Let R be the affine cone of a smooth projective curve X of genus g over 
an algebraically closed field k of characteristic p > 0. If X is an elliptic 
curve, then by [2] and [30], R does not have finite graded F-representation 
type. If g > 2, then by [171 Proposition 1.2], R does not have finite graded 
F-representation type. 

We conclude this section with a couple of questions. 

Question 1.4. (1) Does every F-finite determinantal ring have finite (graded) F- 
representation type? 
(2) (Brenner) Let k be an algebraically closed field of characteristic p. Then 
does the ring k[X, Y, Z]/ (X^ + Y^ + Z^) have finite F-representation type? 

2. Generators of R^ as a D/j-module 

For any non-zerodivisor x E R, Rx carries a D ^-modvXe structure, where is 
the ring of differential operators on R. In this section, we will study generators of 
Rx as a D/j-module. First, for a given ideal a C i? and a given module M, we define 
a descending chain of submodules {/e(a, M)}e>o of M. 

Definition 2.1. Let i? be a Noetherian ring of prime characteristic p and M be an R- 
module. For any integer e > and any ideal a of R, the i?-submodule /e(a, M) C M 
is defined to be 

/e(a, M) ■= Hom^(^i?, M) ■ a = {0(x) | G Homij("i?, M), x G a} C M. 

When R is reduced, we can think of /e(a, M) as 

/e(a,M) = HomR(i?^/P^ M) ■ a^'^^ C M. 

Remark 2.2. When R is an F-finite regular ring, the ideal Ie{x,R) coincides with 
the ideal Ie{x) in and the ideal 1^(0^, R) does with the ideal (a*")!^/^"' in [4|. The 
reader is also referred to Proposition 14.41 

We list up basic properties of /e(a, M) which we will need later. Before doing so, 
we recall the definition of F-pure pairs. The pair {R, x) of an F-finite Noetherian 
reduced ring of characteristic p > and a non-zerodivisor x G -R is said to be F-pure 
if the inclusion x^'^~^^'''^R i?^/^ splits as an i?-linear map for all q = p^. For 
example, when R is Gorenstein, {R, x) is an F-pure pair if and only if R/ (x) is an 
F-pure ring (see [HI Remark 4.10]). 

Lemma 2.3. Let R,M,e,a be the same as in Definition \2.1[ In addition, suppose 
that R is F-finite. 

(1) For ideals a ^ b m R, Ie{a, M) C ^(b, M). 
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(2) /e(a,M) D Je+i(aW,M). If R is F-pure, then hia, M) = /e+i(aW,M). 

(3) For every x G -R and every q = , Ie+i{x^'^~^ , M) C I^[x'^~^, M). Moreover, 
if the pair {R, x) is F-pure, then I^ix^"'^, M) = M for every integer e > 0. 

Proof. (1) obvious. 

(2) Each i?-linear map (pe+i '■ '^^^R — * M induces an i?-linear map (pe : '^R ^ M 
such that (j)e{x) = 0e+i(a;^) for all x e R. Thus, 0e+i(a[p]) = 0e(a) C /e(a,M). If 
R is F-pure, then there exists an '^i^-linear map fe '■ ^^^R — > ^R sending 1 to 1. For 
any ipe £ Hom/j M), composing with /e, we have an i?-linear map ipe+i '■ ^^^R — * 
M such that ifje+iix"^) = i>e{x) for all x G R. Therefore, V'e(ci) = '?/'e+i(ci'^') C 
Je+i(aH,M). 

(3) Since x^""^ = {x''-^)PxP-\ by (1) and (2), one has 

/e+i(x^«-\M) C ,M) C /e(x^-\M). 

If (R, x) is F-pure, then for every e G N, there exists an i?-linear map f : '^R R 
sending x^"'^ to 1. For each m G M, / induces an i?-linear map '^R ^ M sending 
xP'-^ to m. This implies that IeixP"-\ M) = M. □ 

Now we recall the definition of rings of differential operators. The reader is referred 
to [7J and jM] for details. 

Definition 2.4. Let k be any commutative ring and R be any commutative k- 
algebra. The ring of fc-linear differential operators D^j^ is a subring of the /c-linear 
endomorphism ring Endfc(i?) of R. The ring -0/?/^ is the union IJn>o-^i?/fc' where 
Djiik are defined inductively as follows: 

Dn]k = 

D^+l = {6e Homfc(i?, R) \ [6, r] G D^/^ for all r e R}. 
Here [S,r] = Sor — roS denotes the commutator. 

Proposition 2.5 ([3ll 1.4.9]). Let the notation be the same as in Definition \2.J\ 
and assume that R is a ring of prime characteristic p. Then Dfij^ is a subring of 
[Jg=pe End fiq{R) . If R is F- finite and k is a perfect field of characteristic p > 0, then 



Dr/u= U EndH,(i?). 



The above proposition implies that -D/j/fc is the same for every perfect field k ^ R. 
Consequently, we write simply instead of -D/j/fc when is a perfect field. We set 

D^i^ =Endn.{R). 

Example 2.6 ([121 Ex. 5.1]). Let the notation be the same as in Definition 12.41 and 
assume that i? is a ring of prime characteristic p. 

(i) R itself is a D/j/fc-module with its natural D/j/fc-action. 

(ii) A localization Rs with respect to any multiplicatively closed subset S G R 
carries a unique D^j/fc-module structure such that the natural localization 
map R — > Rs is Dij/fc-linear: the operator 6 G -Dr/a: is i?''-linear for q = 
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p*^ ^ by Proposition I2.5[ For such g, we define 

s) ~ \ si J ~ si 

The well-definedness and uniqueness are easily checked, 
(iii) Let I be an ideal of R and n be a nonnegative integer. Then by virtue of (ii), 
the local cohomology module H}{R) has a D/j/fc-module structure, because 
Hj{R) is the i^^ cohomology module of a Cech complex. 

Proposition 2.7 (cf. pj^ Proposition 3.5]). Let x be a non-zerodivisor of a Noether- 
ian ring R of prime characteristic p . Suppose that R has finite F-representation type 
by finitely generated R-modules Mi, . . . , Mg. If the descending chain of submodules 
in Mi 

h{x^-\ Mi) D h{xP"-\ Mi) D h{x^"-\ M,)D... 
stabilizes at e {that is, Ie{x^^~^, Mi) = Ie+i{x''^''^^~'^, Mi) = ■ ■ ■) for all i = 1, . . . ,s, 
then there exists 6 G D^^'^^^ such that 6{l/x) = 1/x^. When R is F-pure, the 
converse also holds true. 

Proof. First, we assume that leix^""^ , Mi) = le+iix^^^^^^ , Mi) for alH = 

Then by Lemma [231 (2), I^+iixP'^'-^ , Mi) = Ie+i{xP"^'"\ M-). Since R has finite 

F-representation type by Mi, . . . , Mg, we have an decomposition 

s 

EndnC+^R) = Homfi("+^/2, Mi)®"=+^\ 
1=1 

Thus, EndH(^+^i?)-a;P'^'"^ = EndR{^+^R)-xP'^'-\ This implies that D^^^^'^ -xP'^'-p = 
-^i?'*'^^ -xP"^^'^. In particular, there exists 6 G D^^^^^ such that 6{xP^^^~'^) = xP^^^'P. 
Dividing this equality by xP"^ gives that 6(1/ x) = 1/xP. 

Next, we will prove the converse. Just reversing the above argument, we have 
that Ie^i{xP'''^^~P, Mi) = le+iixP"^^'^ , Mi) for alH = 1, . . . , s. Since R is F-pure, by 
Lemma O (2) again, Ie{xP''\ Mi) = Ie+i{xP'^'-\ Mi) for alH = 1, . . . , s. □ 

Question 2.8. Let i? be a Noetherian ring with finite F-representation type by finitely 
generated i?-modules Mi, . . . , Ms and let x G -R be an element. Does the descending 
chain of submodules in M, 

hixP-\M,) D h{xP"-\M,) D h{xP"-\M,) D ... 

stabilize for every z = 1, . . . , s? 

In general, the above question is open. However, when i? is a Noetherian graded 
ring, we can give an affirmative answer to this question. 

Theorem 2.9. Let R = 0„>o-Rn be a Noetherian graded ring with Rq a field of 
characteristic p > 0. Assume that R has finite graded F-representation type by 
finitely generated Q-graded R-modules Mi, . . . , Mg. Then for every x G and for 
every i = 1, . . . ,s, the descending chain of submodules in Mi 

h{xP-\ M,) D h{xP'~\ Mi) D h{xP'-\ M,)D... 

stabilizes. 
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Proof. By assumption, for each e G N, we have a degree-preserving isomorphism 
m ^ 0-=i0i=i^i Without loss of generahty, we may assume that the 

grading on the Mj is normahzed so that [Mj]o 7^ and [Mi]a = for any a < 0. 
Since [^R]a = for any a < 0, we easily see that a\f < for all e G N, = 1, . . . , s 
and j = 1, . . . ,nei. 

Claim. The set {a-J^}eeN,i<i<s,i<i<n„ is bounded. 

Proof of Claim. This claim follows from [291 Lemma 3.1.5], but we include the proof 
for the sake of completeness. 

First note that the Krull-Schmidt theorem holds for R, and we may assume that 
the Mi are indecomposable Q-graded -R-modules. For each 1 < k < s, hy assump- 
tion, we have a decomposition of ^Mk as a Q-graded i?-module 

i=i j=i 

with Plj^ G Q<o. Set Ci = mmk,ij{l3lj^} and C2 = minij{a[f}, and then Ci and 
C2 are non-positive rational numbers independent of e. Since 

s rie+ii s n^k 

i=l j=l k=l 1=1 

one has C([j~^^^ > Ci + mmk,i{a^^i' /p} for every e G N. Thus, we obtain by an easy 
induction that for all e G N, i = 1, . . . , s and j = 1, . . . , Uei, 

□ 

Let X G -R. We can write x^^~^ = X]i=i Sj=i"^ij'' with m^^j^ G Mj(aj-^'*) via the 
identification of "R with 0'^^ 0"!!^ Then one has 

pS 

^deg^(x) = dege^lx^'^^) > deg , (e).(mSj^) 

p ^\ ij / 

for all e G N, i = l,...,s and j = l,...,nei, and in particular, deg^(x) > 
"-^^S^y,/. Oil the other hand, by the above claim, we can take a nonnegative 

rational number C such that —a^f < C for all e G N, i = 1, . . . , s and j = 1, . . . , riej. 
Thus, for each 1 < k < s, 

S 1^e.i 



i=i j=i 

C ^^Hom«(M,(ay),M,) ■ [M.K^ )]<deg,(.) 
1=1 j=i 

s 

C J2^omn{Mi, Mk) ■ [Mi]<deg^(,)+c7. 
1=1 



D-modules over rings with finite F-representation type 



9 



Let (j)fj^ , . . . , be a system of homogeneous generators of Homj:j(Mj, M^) as a 
Q-graded i?-module for every i = 1, . . . , s. Then one can choose a rational number 
4 such that (j)f^{[Mi]<dcg{x)+c) ^ [Mk]<dk for alH = l,...,s and / = l,...,fik. 
Since [Mk]<dk is a finite-dimensional vector space over Rq, the descending chain of 
subspaces in [Mk]<dk 

h{xP-\Mk) n [Mk]<d, ^ h{x^"-\Mk) n [Mk]<d, ^ h{xP"-\M,) n [Mk]<d, ^ . . . 
stabilizes. This implies that the descending chain of submodules in Mk 

stabilizes, because Ie{x^^~^, Mk) fl [Mk]<dk generates Ie{x^^~^, Mk) as an i?-module 
for every e G N. □ 

As a corollary of the above theorem, we can generalize the result due to Alvarez- 
Montaner, Blickle and Lyubeznik ([H Corollary 3.8]) to the case of rings with finite 
F-representation type. 

Corollary 2.10. Let R = ®„>o-Rn be a Noetherian graded ring with k := Rq a 
field of characteristic p > and K he the perfect closure of k. If Rk '■= R®k K 
has finite graded F-representation type, then for any non-zerodivisor x & R, R^ is 
generated by 1/x as a Dji/k-module. 

Proof. We employ the same strategy as the proof of [T, Corollary 3.8]. First we 
prove the following claim. 

Claim. For any non-zerodivisor x G -R, there exists a differential operator 6 G -Dr/a; 
such that 6(1/ x) = 1/x'^. 

Proof of Claim. By Proposition 12.71 and Theorem 12.91 there exists a differential op- 
erator 6k G Drj^jk such that 5k{)-/x) = l/x^. Since Dr^^/k = -Dr/a: ®k K hy 
we can write 5k = CiSi where Ci E K and 5i G -D/j/fc. Let {a\\ be the basis of R 
over k. Multiplying both sides of the equation ^jCj(5i(l/x) = 1/x^ by a sufficiently 
large power of x, we have an equation CjdjAj c^Aj = in Rk with di\. G k. 

This means that a system of finitely many linear equations \^iXidi\^ = 0}j with 
coefficients in k has a solution = q for all i. By elementary linear algebra, it 
should have a solution in k. Thus, by reversing the above argument, there exists a 
differential operator 6 G D^/k such that 6{l/x) = l/x^. □ 

Let X be a non-zerodivisor of R. Then it follows from the repeated applications 
of the above claim that 

Dn/k ■ 1/x = Dn/k ■ l/x^ = Dn/k ■ l/x^" = ■■■ = Dn/k ■ l/x^' 

for every e G N. Since the set {l/x^^jegN generates Rx as a D/j/fc-module, we obtain 
the assertion. □ 



Remark 2.11. When the pair {R,x) of an F-finite Noetherian reduced ring R of 
characteristic p > and a non-zerodivisor x G -R is F-pure, R^ is always generated 
by 1/x as a Dji-modnle (without assuming that R has finite F-representation type). 
Indeed, by Lemma [2.31 (3), one has D^^^ ■ f^~^ = R. This means that there exists 
5 G such that 5{l/x) = l/x^. 
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3. Associated primes of local cohomology modules 

In this section, we will study the number of associated primes of local cohomology 
modules when the base ring has finite F-representation type. We begin with the 
following well-known lemma. 

Lemma 3.1. Let R be a Noetherian ring. 

(1) Let {M^Iaga be a direct system of R-modules. Then Ass/j(limMA) is contained 
in U;^g^AsSijMA. 

(2) Suppose that R is a ring of prime characteristic. Let M he an R-module. Then 
AssrM = AsSij^M) for every e G N. 

Proof. (1) Let p be a prime ideal of R. Assume that p is not an associated prime of 
Mx for any A G A. Then we have B.om^^{K{p), {Mx)p) = for every A G A, where 
/€(p) = i?p/pi?p. Hence Hom^^ («:(p), (limMA)p) ^ limHomR^ (fi:(p), (Ma)p) = 0. 
Thus p is not an associated prime of limMA- 

(2) Let p be a prime ideal of R. To show that p G Assr M if and only if p G 
Assr(*M), by localizing at p, it is enough to prove that m G AssrM if and only 
if m G Assr{'^M) for a module M over a local ring (-R, m) of prime characteristic. 
This is equivalent to saying that r^{M) 7^ if and only if F^i^M) 7^ 0, but this is 
straightforward. □ 

Now let us prove the following theorem concerning local cohomology modules of 
a dualizing complex. 

Theorem 3.2. Let R be a Noetherian ring with finite F-representation type by 
finitely generated R-modules Mi, . . . ,Mt. Let D be a dualizing complex of R, I an 
ideal of R and n an integer. Then one has 

t 

AssR H^{D) C [jAssRExtliMi/ 1 Mi, D). 

i=l 

In particular, Hy{D) has only finitely many associated primes. 

Proof. We can assume without loss of generality that i? is a local ring. By definition, 
for each e G N, we have an isomorphism of i?-modules of the form 

t 

i=l 

We denote by V^R) the derived category of R and by Ds a normalized dualizing 
complex of a ring S. Note that the additive exact functor : Modi? Mod'^i? 
extends to an additive exact functor from T>{R) to T>{^R). Since R is F-finite, ^R is 
a module- finite i?-algebra. Hence we have an isomorphism De^ = RHom/j D/j) 
in V{^R) by flEl Theorem (3.9)]. Consequently we have the following isomorphisms 
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in V{R): 

= RHome^(^/2/J % RHomnCi?, Dr)) 

^RRomRCR/rR,DR) 

t 

= RHom^(M,//M„ Dr)®^-. 

i=l 

Therefore there exists an isomorphism 

t 

'Extl{R/I^'\DR) = ^Extl{M,/IM,,DRf"^- 

1=1 

of i?-modules, and we obtain 

t 

AssRExtl{R/I^P'\DR) = Ass«^Ext^(i?//[^'^Dfi) = |J Ass^ Ext^(M,//M„ Dr) 

i=l 

by Lemma [3. II (2). Finally, applying Lemma [3. II (1). we get the desired inclusion 

t 

AssrH^{Dr) = AssR{limExtl{R/ &'\Dr)) C |J Ass« Ext^(M,/JM„ 

e 1=1 

□ 

As a direct corollary of Theorem 13. 2[ we obtain the following result. 

Corollary 3.3. Let R be a Cohen- Macaulay ring with finite F-representation type 
by finitely generated R-modules Mi, . . . , Mt, admitting a canonical module ujr. Let 
I be an ideal of R and n an integer. Then one has 

t 

AssrH^oor) C |jAss^ExtS(M,//M„w^). 

i=l 

In particular, H^{ujr) has only a finite number of associated primes. 

Remark 3.4. (1) We can prove a little more general form of Corollary 13.31 let 
(-R, m, k) be a Cohen- Macaulay local ring of prime characteristic p with canoni- 
cal module ujr and K be an extension field of the residue field k. Assume that 
R^kK has finite F-representation type, where R is the m-adic completion of R and 
(8>fc denotes the complete tensor product over k. Let / be an ideal of R and n an 
integer. Then 

t 

AssRHnujR) C |jAss^ExtS(M,/JM,,cu^). 

i=l 

(2) Singh and Swanson [2H] constructed an example of a strongly F-regular hy- 
persurface singularity R which is a unique factorization domain such that Hy{R) 
has infinitely many associated primes for some ideal I of R and some integer n. 
Corollary 13.31 especially says that this ring does not have finite F-representation 
type. 
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Since every F-finite regular local ring has finite F-representation type by the R- 
module i?, Corollary 13.31 (Remark [3l^ (1)) yields the following result due to Huneke 
and Sharp [131 Corollary 2.3]. 

Corollary 3.5 (Huneke-Sharp). Let R he a regular local ring of positive character- 
istic, I an ideal and n an integer. Then 

AssrH^{R) C AssRExt^(i?//,i?). 

In particular, there exist only finitely many associated primes of Hy{R). 

Remark 3.6. As an analogy of another result due to Huneke and Sharp [131 Theorem 
2.1], one might expect that the Bass numbers of a local cohomology module should 
be finite if the ring has finite F-representation type. This is, however, false in general. 
For example, set R = ¥p[x, y, z, w]/{xz — yw), m = (x, y, z, w) and / = (x, y). Since 
i? is a normal Gorenstein semigroup ring, by Example 11.31 (vii), R has finite F- 
representation type. Hartshorne [HI Section 3] showed that Hj{R) ^ and the 0*^ 
Bass number /Xo(Tn, i?|(-R)) is infinite. 

Let i? be a Gorenstein ring with finite F-representation type. Then Corollary 13.31 
implies that the set Assr Hf{R) is finite. As for the finiteness of the set Assr Hy{R), 
we can indeed prove a little stronger statement in the case where i? is a semilocal 
ring. We denote by Got R the Gorenstein locus of a ring R, namely the set of all 
prime ideals p of R such that Rp is a Gorenstein local ring. 

Proposition 3.7. Let R be a Noetherian ring with finite F-representation type by 
finitely generated R-modules Mi, . . . ,Mt. Let I be an ideal of R and n an integer. 
Then 

t 

Assr Hf{R) n Gor i? C y Assr Extl{Mi/IMi, R). 

1=1 

In particular, Ass Fi,Hy{R) is a finite set if R is a semilocal ring such that Rp is 
Gorenstein for each nonmaximal prime ideal p. 

Proof Let p G Assr Hj {R)nGoY R. Then Rp is a Gorenstein local ring, and p-Rp is in 
Assifp Hfj^^lRp), which is contained in the set ULi ^^^^p ^xt^^ ((Mj)p//(Mi)p, _Rp) 
by Corollary [SJl Therefore p is in {J*^^ Assr Ext^ (Mi//Mi, R). □ 

Next, we consider the finiteness of the sets of associated primes of local coho- 
mology modules of Cohen-Macaulay rings with finite F-representation type. We 
denote by (— )^ the canonical dual B.omR{—,ujR), where ur is a canonical module of 
a Cohen-Macaulay ring R. 

Lemma 3.8. Let R be a Cohen-Macaulay ring with finite F-representation type by 
finitely generated R-modules Mi, . . . , Mt, admitting a canonical module ujr. Suppose 
that the local ring Rp is Gorenstein for every nonmaximal prime ideal p of R. Let I 
be an ideal of R and n an integer. Then 

t 

AssrH\\R) C \jAssRExtl{Mj/IMluR). 

i=l 
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Proof. We may assume that R is a local ring. Moreover, we can also assume that 
n < d := dimi?, since H\{R) = for every i > d. Denote by ujs a canonical module 
of a Cohen- Macaulay ring 5*. Note that there are isomorphisms 

R}iomR{R/&'\R) = R}lomniR/I^''^\n}iomniun,ujR)) 
^ RHomR(i?//[P^] 

Hence there is a spectral sequence 

El' =Ext],{Toif{R/&'\uR),UR) H^+' = Ext'^\R/&'\R). 

Since R is Gorenstein on the punctured spectrum of R, we have {ujjijp = ojr^ = Rp 
for every p G Spec -R\ {m}. Hence the i?-module Tor f {R/ I^^^^ur) has finite length 
for j > 0. It is seen that E2 = if either i < d and j > or i > d. Thus, from the 
spectral sequence, we obtain an isomorphism 

Extl{R/&'\R) = Extl{ujR/&'WujR) 

of i?-modules. For all e G N, there is an isomorphism of the form '^R = ® ]\^®"iei 
Applying (—)"'" to this isomorphism gives 

t 

Xujr) = u.R ^ mmR{'R,ujR) = 0(m/)®'"-. 

i=l 

Similarly to the arguments in the proof of Theorem 13.21 we obtain isomorphisms 

'"ExtliR/I^^'KR) ^ 'ExtlitUR/I^^'WiOR) 

= Ext:'^{%UR)/I%UR),%u;R)) 

^ Ext':R{XujR)/lXujR),RRomRCR,ujR)) 

= Ext^(V/?)//Vi?),^i?) 

t 

= 0Ext^(M//JM/,^^)®™", 

i=l 

and we get the desired inclusion Assr Hf{R) C J*^^ Ass^ Ext^ (M///M/, ur). □ 
Using Lemma \3M, we can show the following result. Compare it with Proposition 

Theorem 3.9. Let R be a Cohen- Macaulay ring with finite F-representation type by 
finitely generated R-modules Mi, . . . , Mt, admitting a canonical module ujr. Suppose 
that the local ring Rp is Gorenstein for any prime ideal p of R with dimi?/p > 2. 
Let I be an ideal of R and n an integer. Then one has 

t 

Assr H'IXR) C y Assh Ext^(M///M/, Wij) n Max R. 

i=l 

In particular, AssRHf {R) is a finite set if R is semilocal. 
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Proof. Let p be a nonmaximal associated prime of Hy{R). From the assumption, 
we easily see that Rp is Gorenstein on the punctured spectrum. Lemma 13.81 imphes 
that the set Ass^^ if); (i?p) is contained in U!=i Ass^^ Ext^^ ((M/)p//(M/)p, cu^J. 

Hence the ideal pRp is in IJ!=i Ass/j^ Ext^^ ((M/)p/J(M/)p, cj/jj, and therefore p is 
in IJ*^ Ass/j Ext'^(M// JM/, cuij). This completes the proof of the theorem. □ 

4. Appendix: Discreteness of F-jumping exponents 

Here, using arguments similar to those in Section 2, we study the discreteness of 
F-jumping exponents of ideals of rings with finite F-representation type. 

Let -R be a Noetherian reduced ring of characteristic p > and M an i?-module. 
Denote by R° the set of elements of R which are not in any minimal prime ideal. 
For each integer e > 0, we denote F'^(M) = F|j(M) := M ®r '^R and regard it as 
an i?-module by the action of R on ^R from the right. Then we have the induced 
e-times iterated Frobenius map F^: M F'^(M). The image of 2; e M via this 
map is denoted by 2;'' := F^{z) G F'^(M), where q = p^. 

Now we recall the definition of a*-tight closure. 

Definition 4.1 ([lH, Definition 6.1]). Let be an ideal of a Noetherian reduced 
ring R of characteristic p > such that a fl i?° 7^ and let t > be a real number. 
Let M be a (not necessarily finitely generated) i?-module. The a*-tight closure of 
the zero submodule in M, denoted by , is defined to be the submodule of M 
consisting of all elements z & M for which there exists c E R° such that 

ca^'ih'' = G F"(M) 

for all large q = p^. 

Definition 4.2 (cf. [TUI Definition 1.6, Proposition-Definition 1.9]). Let a be an 
ideal of an excellent Noetherian reduced ring R of characteristic p > such that 
a n i?° 7^ and let t > be a real number. Let E = @^Eii{R/xn) be the direct 
sum, taken over all maximal ideals m of R, of the injective hulls of the residue fields 
R/m. 

(i) The generalized test ideal r(a*) of a with exponent t is defined to be 

r(a*)=r(i?,a*)= f| Ann«(0-'), 

McE 

where M runs through all finitely generated i?-submodules of E. 

(ii) The ideal T{a^) is defined to be 

Tia')=7iR, a*)=Ann^(0^'^'). 

(iii) We say that an element c G -R° is an a^-test element for E if = in 
W^{E) for all q = p'^ whenever z G 0*^ . 

Proposition 4.3 (cf. [IHl Theorem 1.7, Theorem 1.13], [221 Theorem 3.3]). Let R 

be an excellent Noetherian reduced ring of characteristic p > and a R be an 
ideal such that a fi 7^ 0. 
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(1) Assume that one of the following conditions holds: (i) R is a Q-Gorenstein 
normal local ring; (ii) R = ©„>o Rn is a graded ring with Rq a field and a 
is a homogeneous ideal. Then for all real numbers t > 0, 

r(a*) = r(a*). 

(2) Let c E R° . If R is F-finite and the localized ring Rc is strongly F-regular, 
then some power c" of c is an a* -test element for E for all ideals a ^ R such 
that a n -R° 7^ and for all real numbers t > 0. 

Let R be an F-finite Noetherian reduced ring of cliaracteristic p > 0. We say tfiat 
R is strongly F-regular if for every c E R°, there exists q = p^ such that c^/'^R R^/'^ 
sphts as an i?-module homomorphism. When the ring is strongly F-regular, we can 
describe the generalized test ideal T(a*) in a simple form. 

Proposition 4.4. Let R he a strongly F-regular ring of characteristic p > and 
a'^ R he an ideal such that o fl 7^ 0. 

(1) 

q=p<^ 

{see Definition \2.1\ for the definition of the ideal /e(a'^*''\ i?) of R). Since 
{/e(a'^*''\ -R)}g=pe forms an ascending chain of ideals in R, this union sta- 
bilizes after finitely many steps. In particular, the ideal T(a*) is equal to 
Ie{a^^'^\ R) for all sufficiently large q = p^ . 
(2) If R is Q-Gorenstein, then for all sufficiently large q = p^ , 

T{a')=r{a')=h{a^"^\R). 

Proof. First, we will prove that ^(a*) ^ Ie{a^^^''\ R) for all integers e > 0. By 
Proposition 14.31 (2), the unit element 1 is an a*-test element for E. It means that 
(jfip^l^p" = in E ^R for all z G 0^'^ . An i?-linear map ip : ^R ^ R induces an 
i?-linear map E ^r^R ^ E sending o}^p"^zP^ to ip{a^^P^^)z. Thus, ip{a^^P"^)Q*i' = 
in E, which implies that ip{a^*P^~^) C r(a*). 

To show the reverse inclusion, it suffices to prove it after passing to localization 
at a maximal ideal m in R. Since the formation of the ideal Ie{a^*^^\ R) obviously 
commutes with localization, 

^e>0 / e>0 

Also, by [HI Lemma 2.1], we have 

t{R^, al) = [jh{a^^P'\R^). 

e>0 

Thus, combining the above two equalities, we obtain an inclusion 

t{R, a')Rm C r{Rm, a'J = [j Ua^^^'^ ,R^)=([j Ua^'^'^ , R) ) Rm- 

e>0 \e>0 / 
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The latter assertion follows from a similar argument, because the generalized test 
ideal T{Rm, a^) coincides with the ideal r(-Rm, dm) when R is normal Q-Gorenstein. 

□ 

The family of ideals {r(o*)}(>o is right continuous in t. 

Lemma 4.5 (cf. [4, Corollary 2.16]). Let R be a strongly F-regular ring of charac- 
teristic p > 0. For every ideal a C i? such that a Hi?" 7^ and for every real number 
t > 0, there exists e > such that T(a*) = T(a*') for all t' G [t,t + e). 

Proof. First we will prove the following claim. 

Claim. For every e > 0, there exists e' > e such that Ie{a^*'^''\ R) C I^i^a^^P" R). 

Proof of Claim. Let c G a fl -R°. Since R is strongly F-regular, there exist go = P'^° 
and an i?-linear map ip '■ ~^ R sending c to 1. For any iff. G l^om.ji{^R, R) , ip 
induces an i?-linear map (fe+eo '■ '^~^'^°R R sending c to ipe{l) so that 

□ 

Take sufficiently large e so that r(a*) = Ie{ci^^^''\ R) by Proposition 14.41 Then 

by the above claim, there exists e' > e such that Ie{a^^^''\ R) C If>i{a^*P^ ^ R). 
Put t' = t + . Then, by Proposition 14.41 again, the above inclusion implies the 
required inclusion 

r(o*) CI,,{a^''P^'\R) Cr(a*'). 
This completes the proof. □ 

Thanks to Proposition 14.31 (1) and Lemma [4. 51 one can define jumping exponents 
for the generalized test ideals T(a*). 

Definition 4.6 ([H Definition 2.17]). Let a be an ideal of an excellent Noetherian 
reduced ring R of characteristic p > such that a fl 7^ 0. Assume that one 
of the following conditions holds: (i) i? is a Q-Gorenstein normal local ring; (ii) 
R = 0„>o Rn is a graded ring with Rq a field and a is a homogeneous ideal. Then 
a positive real number t is said to be an F-jumping exponent of a if T(a*) C r(a*^'') 
for every e > 0. 

Lemma 4.7 (cf. [5", Proposition 3.2]). Let R = ©„>o-Rn be a strongly F-regular 
graded ring with Rq a field of characteristic p > and let a ^ R be a homoge- 
neous ideal such that a (1 R° 7^ 0. Assume in addition that R has finite graded 
F-representation type. Then there exists an integer r > depending only on R such 
that if a is generated by elements of degree at most d, then for every t > Q, the 
generalized test ideal T(a*) can be generated by elements of degree at most td + r. 

Proof. Since R has finite graded F-representation type, there exist finitely generated 
Q-graded i?-modules Mi, . . . , Ms such that for each e G N, 

i=i j=i 
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as a Q-graded R-module. Without loss of generality, we may assume that the grading 
on the Mi is normalized so that [Mjjo 7^ and [Mjjo, = for any a < 0. Then by 
the claim in the proof of Theorem 12.91 there exists a nonnegative rational number 
Ci such that —af^ < Ci for all e G N, z = 1, . . . , s and j = 1, . . . , riei- 

Now fix any e G N. The ideal a^^'^"^ is generated by elements of degree at 
most \tp^^d. Choose such generators gi, . . . .Qa^ for a}^^^^ . For each k = 1, . . . ,ae, 
write gk = X]i=i Sj=i "^ijl with m['jl G Mi{alf) via the identification of '^R with 
0-=i 0;=i M,{alf). Then one has 

^^SM.(a(;))(<fc) ^ deg.^((7fc) = -deg^((7fc) < 

Here we take a rational number C2 such that for every i = 1, . . . , s, Homi{(Mj, i?) 
can be generated by elements of degree at most C2. Then 

(a^^^^l ,R) = infill Hom«(M,(al;)), i?) ■ m^^^ 



ijk 
1 j=l k=l 



s 



C>;>;Hom^(M,(«;f),i?)-[M,(ay)] 



i=i j=i 



C ^Hom^(M,,i?) ■ [M,;]^r.pei, 
■t=i 



Thus, given t, if e is enough large, then /e(a^*P'\i?) can be generated by elements 
of degree at most \td\ + Ci + C2. On the other hand, by Propositions 14.31 (1) and 
14.41 (1), Ie{a^''^''\ R) coincides with the ideal 'r(a*) for sufficiently large e. □ 

Using Lemma I^TTl we can generalize the result due to Blickle, Mustata, Smith ([H 
Theorem 3.1 (1)]) to the case of rings with finite F-representation type. 

Theorem 4.8. Let R = ^^en be a strongly F-regular graded ring with Rq a field 
of characteristic p > and let a be a homogeneous ideal of R such that afl 7^ 0. 
Assume in addition that R has finite graded F-representation type. Then the set of 
F-jumping exponents of a have no accumulation points. 

Proof. Once we accept Lemmas 14.51 and 14. 7[ the proof is quite similar to that of [U 
Theorem 3.1]. 

Suppose that we have a sequence of F-jumping exponents {am}m of a having a 
finite accumulation point a. By virtue of Lemma 14.51 we can see that < a 
for sufficiently large m. After replacing this sequence by a subsequence, we may 
assume that am < a-m+i for every m. Assume now that a is generated by elements 
of degree at most d. Then, by Lemma 14.71 there exists an integer r (depending 
only on R) such that every generalized test ideal r(a"™) is generated by elements of 
degree at most ad -\- r. Since [R]<ad+r is a finite-dimensional vector space over Rq, 
the descending chain of subspaces in [R]<ad+r 

r(a"^) n [R]<ad+r 5 r(a°^) n [R]<ad+r ^ r(a"^) n [R]<ad+r ^ • • • 
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stabilizes. Since r(a"'") fl [R]<ad+r generates r(a"'") as an i?-module for every m, 
this implies that the descending chain of generalized test ideals 

r{a"') 2 r(a"^) D r(a"^) D ... 

stabilizes. This gives a contradiction. □ 

The rationality of F-jumping exponents is a little more subtle. 

Question 4.9. Let the notation be the same as in Theorem 14.81 Does there exist a 
power go = p'^° of p such that if a is an F-jumping exponent of a, then so is go«? 

If the answer to the above question is yes, then we can prove the rationality of 
F-jumping exponents of a under the same assumption as that of Theorem 14.81 

Remark 4.10. Let R = 0„>o Rn be a strongly F- regular graded ring with Rq a field 
of characteristic p > 0. If ^ is a Q-Gorenstein ring and the order of the canonical 
class in the divisor class group Cl(-R) is not divisible by p, then the set of F-jumping 
exponents is discrete and all F-jumping exponents are rational numbers (without 
assuming that R has finite graded F-representation type). We refer to [I4J for details. 
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